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ABSTRACT

This paper develops a unified theory of bilateral portfolio similarity grounded in gravity-
type information frictions and exchange-rate stabilization. We construct a Bayesian portfolio-
choice framework in which investors from countries ¢ and j allocate wealth to a common
set of risky assets under heterogeneous signal structures and bilateral currency regimes.
The model shows that portfolio dissimilarity admits a closed-form gravity representation,
increasing in bilateral distance and decreasing in peg strength. We extend the analysis to a
multivariate asset environment, a dynamic Bayesian learning structure with autoregressive
signals, and an endogenous exchange-rate regime in which governments optimally choose
A;j to trade off monetary autonomy against risk-sharing gains. The theory rationalizes
persistent cross-country heterogeneity in foreign-asset shares and provides welfare-based
predictions for bilateral monetary integration. Policy implications follow for regional cur-

rency arrangements, information infrastructure, and financial-integration strategies.
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1 INTRODUCTION

Understanding why investors located in different countries choose systematically different for-
eign portfolio allocations—despite having access to the same global assets—remains a central
question in international macroeconomics and asset-pricing theory. Even in highly integrated fi-
nancial markets, bilateral differences in foreign portfolio investment (FPI) patterns remain large,
persistent, and structured along observable country-pair characteristics such as exchange-rate
arrangements, geographic distance, and linguistic or historical proximity. These empirical regu-
larities, documented prominently by Pan, Hu and Du (2022) and a growing literature on gravity
in financial flows, call for a theoretical framework capable of jointly rationalising (i) the effect
of bilateral monetary integration on portfolio choices and (ii) the systematic role of gravity-type
information frictions in shaping cross-country heterogeneity in foreign asset demands.

While there exist rich literatures separately studying exchange-rate regimes (e.g., Obstfeld
and Rogoff, 1995; Devereux and Engel, 2002), home bias and information asymmetry (e.g.,
Gehrig, 1993; Brennan and Cao, 1997; Van Nieuwerburgh and Veldkamp, 2009), and financial-
gravity patterns (e.g., Portes and Rey, 2005; Okawa and van Wincoop, 2012), there is no unified
theory demonstrating how bilateral exchange-rate stabilization and gravity-driven information
frictions interact to determine portfolio similarity across country pairs. Existing models either
take monetary regimes as exogenous and independent of private-sector portfolio behaviour, or
they treat information frictions as agent-specific rather than bilateral objects that vary system-
atically across country pairs.

This paper develops a multi-country, gravity-consistent portfolio-choice theory that bridges
these gaps. We build a two-investor, one-destination model in which ¢ and j allocate wealth
to an internationally traded asset from country k. Two central mechanisms govern portfolio
similarity: First, a risk-reduction channel, through which tighter bilateral exchange-rate pegs
reduce idiosyncratic exchange-rate risk and therefore align optimal foreign-asset shares. Second,
an information channel, whereby distance, common language, and historical ties influence the

quality and correlation of investors’ signals about foreign returns, generating systematic bilateral



heterogeneity in posterior beliefs and hence portfolio choices.

Our analysis contributes to three strands of theory. Specifically, i) International portfolio
choice and risk sharing: The risk-sharing literature highlights how monetary and financial in-
tegration affects cross-border diversification (e.g., Coeurdacier and Gourinchas, 2016; Martin
and Rey, 2004). Models of exchange-rate stabilization—such as Engel (2014) and Gopinath
and Itskhoki (2011)—show how regime choices influence macro-financial risk. However, these
frameworks do not map bilateral regime strength into pairwise portfolio similarity, nor do they
incorporate bilateral information frictions. ii) Information frictions and Bayesian learning in
asset allocation: A large literature emphasizes how information asymmetry shapes portfolios
(e.g., Van Nieuwerburgh and Veldkamp, 2009). Yet these models treat information frictions as
investor-level, not country-pair-level, and do not generate predictions linking distance, language,
or colonial ties to cross-country similarity of foreign-asset shares. iii) Gravity in financial flows:
Gravity-type determinants are well established empirically (e.g., Portes and Rey, 2005; Lane and
Milesi-Ferretti, 2008; Okawa and van Wincoop, 2012; Forbes and Warnock, 2012). Recent work
applies gravity to cross-border banking or FPI flows but provides no micro-foundation for how
gravity generates predictable differences in optimal portfolio shares. This paper closes this gap
by deriving a bilateral gravity-like equation directly from first principles.

This paper makes three main contributions. First, we provide the first analytical model in
which bilateral exchange-rate regimes and gravity-type information frictions jointly determine
the difference in optimal foreign-asset shares chosen by two countries. The baseline model yields
closed-form expressions for portfolio dissimilarity, showing that: i) portfolio similarity increases
with peg strength, ii) dissimilarity rises with bilateral distance, and iii) common language and
colonial ties reduce dispersion through information and signal-correlation channels. This pro-
vides structural theoretical foundations for recent empirical work linking exchange-rate arrange-
ments to FPI similarity. Second, we extend the static model to a multi-asset environment and
a Kalman-filter learning setting where investors receive autoregressive signals. We derive the
long-run variance of portfolio differences, showing that the comparative statics of peg strength

and gravity variables remain intact in dynamic steady state. We also analyse how return co-



variance matrices under different regime arrangements influence the Euclidean distance between
multi-asset portfolio vectors. Third, we endogenize the peg A;; by allowing governments to opti-
mally choose regime strength to balance risk-sharing benefits (through lower portfolio dispersion)
against monetary-autonomy costs. The model yields a closed-form optimal peg, predicts when
countries choose deeper integration, and shows how optimal peg strength responds to distance,
information quality, and investor learning. This contributes to the theory of bilateral monetary
arrangements and provides new policy implications for regional financial integration.

Overall, these contributions generate a unified theory explaining why some bilateral pairs
exhibit remarkably similar foreign portfolio allocations while others remain sharply different,
even when exposed to the same global asset menu. The model is tractable, yields gravity-
consistent reduced forms, and offers a theoretical foundation for empirical bilateral regressions
of FPI similarity.

The remainder of the paper is organized as follows. Section 2 develops the baseline theoretical
framework and derives the gravity-consistent expression for bilateral portfolio dissimilarity, high-
lighting the roles of exchange-rate stabilization and information frictions. Section 3 presents sev-
eral extensions of the model, including the multivariate portfolio environment, dynamic Bayesian
learning with autoregressive signals, and the welfare-based determination of optimal bilateral peg

strength. Section 4 concludes.

2 A MuLTI-COUNTRY MODEL OF PORTFOLIO SIMILARITY

This section develops a multi-country portfolio-choice model that rationalises: i) why some
country pairs choose more similar foreign portfolio investment (FPI) patterns than others, and ii)
why portfolio similarity is systematically related to bilateral exchange rate regimes and gravity-
type frictions (distance, common language, etc.), as in the empirical evidence of Pan et al.
(2022). The theoretical object that we match to the empirical dependent variable is the absolute
difference in portfolio shares of a benchmark foreign asset (e.g. US assets) chosen by investors in

two countries ¢ and 7.



2.1 SET uP Time is discrete, indexed by ¢t = 0,1. At ¢ = 0 investors choose portfolios; at ¢t = 1
uncertainty is resolved and consumption takes place. There are three countries: two “investor”
countries ¢ and j and one benchmark destination country k& (e.g. the US) whose risky asset is
held by both ¢ and j. All variables are in real terms unless otherwise noted.

Each investor country h € {i, j} is populated by a representative infinitely risk-averse house-
hold of mass one.! Household & is endowed at t = 0 with initial wealth W}, > 0 denominated in
its own currency.

Household h has time-separable expected utility:

1—~
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where C}, 1 is real consumption at ¢ = 1 and + is the coefficient of relative risk aversion.

In each investor country h there is a risk-free real bond with gross return Ry;, > 0 between
t =0 and t = 1, denominated in country h’s currency. There is also one internationally traded
risky asset issued in country k (for instance, US equity) with payoff Ry, in k’s currency.

Let Shi: denote the nominal exchange rate defined as units of country hA’s currency per unit
of country k’s currency at time ¢. Then the gross real return in units of country A’s consumption

good from holding the risky asset is:

(2)

where P}, denotes the price level in country h at time ¢. For tractability, we assume that log

returns are jointly normal and that R,(Ch) can be expressed as:
Rl(gh) :Rf,h‘{'f"i_gha h e {Zaj}7 (3)

where 7 is a common global excess-return component (in expectation) and ¢y, is a country-specific

!The extension to multiple heterogeneous investors inside each country is straightforward and does not affect
the comparative statics derived below.



excess-return shock capturing exchange rate and local macro-financial risk.>
We denote the perceived conditional mean and variance of the risky excess return for house-
hold A by:
= Ey [R,(Ch) — Rf,h} , o} == Var (ngh) — Rf’h> .

Exchange rate regime. Following the empirical work, we model the bilateral exchange rate
arrangement between countries ¢ and j by a parameter A;; € [0,1]. When A;; = 0 the two
currencies float independently; when A;; = 1 they are perfectly pegged (a monetary union or
hard peg).

Specifically, decompose the country-specific shock as:
en=n+ 1 =N,  hel{ij}

where 7 is a common shock and v, is an idiosyncratic shock with E[n] = E[v] = 0, Var(n) = o7,
and Var(v,) = o2, independent across h and independent of . Then the variance of the risky
excess return in country A is:

op = o2+ (1 — Ayj)*02. (4)

n 14
A tighter peg (higher A;;) reduces the idiosyncratic component of risk and makes the risky return

processes across ¢ and j more similar.

2.2 GRAVITY-TYPE INFORMATION FRICTIONS To incorporate gravity variables, we assume
investors are uncertain about the mean excess return 7 and need to learn it from noisy country-

specific signals. Each investor h observes at t = 0 a signal:
Ty — r+ Up , (5)

where u, ~ N(0,02,) is independent noise.

Let the prior for 7 be normal: 7 ~ N (7,02). Conditioning on x,, the posterior distribution

2 A more structural derivation of Equation (3) from a DSGE model with monetary policy and nominal rigidities
is straightforward but not necessary for our portfolio comparative statics.



perceived by investor h has mean:
rn = E[F | 3] = wppn + (1 — wp)T, W = ———— (6)

and variance:

2 2
afau,h

(7)

2 ~ —
0'7:7;1 = Var(T ‘ .flfh) = 0_%4_—0_57’1

We interpret the signal noise variance o , as increasing in bilateral information frictions faced
by investor A when learning about country k’s assets. Specifically, for a given country pair (i, j)

we posit:

oo = Uﬁ<1 + Qadi; — PeLij + ¢ch'j); he{i,j}, (8)

where d;; is (log) bilateral distance between i and j, L;; € {0,1} is a common official language
dummy, C;; € {0, 1} is a common colonizer dummy, and ¢4, ¢r, . > 0 are sensitivity parameters.
Larger distance increases information noise, whereas common language or a common colonial
history reduce it (by facilitating communication, legal similarity, etc.).

Since both 7 and j learn about the same underlying 7, their posterior means are correlated.
For convenience, we suppose that the signal noises u; and u; have correlation p, € [0, 1), which
can itself be increasing in information connectivity between the two countries (shared media,
migration links, etc.). A higher p, means investors in ¢ and j react more similarly to news about

country k.

2.3 BUDGET CONSTRAINT AND PORTFOLIO CHOICE Let «j denote the share of wealth in-
vested in the risky foreign asset by investor h. The remainder (1 — «,) is invested in the local

risk-free bond. The t =1 budget constraint in real terms is:
Ch1=Wp(1— Rep+ RM 9
h1 n[(1—an)Ren + o Ry (9)

Substituting Equation (3) into Equation (9) and defining the excess return Ry, := R,(Ch) — Ry,



gives:

Chi = WiRypp[1+ ath}-

Under CRRA preferences with small risk and jointly normal returns, the portfolio problem
is equivalent to a mean—variance maximisation (e.g. standard Merton approximation). Investor
h chooses «;, to maximise:

_ 1—v 1 _
EO[Cflz,lpy] ~ (WhRf,h) {1 + (1 =)o pin — Ma%ﬂi} ; (10)

where py = Eo[éh] and o} = Varo(Rh) are computed using the posterior beliefs Equation

(6)-Equation (7).

Lemma 1 (Optimal risky portfolio share). For h € {i,j}, the unique optimal share of wealth
wnvested in the foreign risky asset is:

* Hh
ay = —. (11)
" yo?

Proof. The portfolio problem for investor A is to choose the share of wealth «y, invested in the
risky foreign asset. The investor maximizes the following approximated expected utility, based

on the mean-variance framework:

_ _ 1-
meax EO[C’;LJ”] ~ (WiRpp) " {1 + (1 — y)apun — %aioi}

Since terms independent of «j do not affect the maximization, the problem is equivalent to

maximizing the objective function f(ay):

]_ _
max f(on) = (1~ N~ 2 aze?
ap,

First-order condition (FOC): To find the optimal share o}, we take the derivative of the objective

function with respect to «y and set it to zero:

df (o)

=0
dah




d (1 —7)
E (1- ’Y)Oéhuh - T@iai =0

Applying the power rule, d%(ax”) = naz™ !, we get:

(1 —y)pn — (1 —)ejor =0

Solving for aj: We rearrange the FOC to solve for aj. Assuming v # 1, we can divide by
(1—):

(L= =71 —v)ajor
o * 2
Mh = YO0,

Isolating «j yields the stated result:
of — Hn
= o
vor,
Second-order condition (SOC) and uniqueness: The objective function is strictly concave,
which guarantees that the solution is a unique maximizer. This is verified by checking the sign

of the second derivative:

d? d
Hn) 1= = 201 = o]
d*flan) 2
dai — =)

For a maximum, the SOC must be negative (% < 0). Given v > 0 and o7 > 0, this condition
h
is met if and only if:

(1—-9)>0 = 0<y<1

As the second derivative is negative, the objective function is strictly concave in «y, and the
FOC solution «j is indeed the unique maximizer. m

In what follows we analyse how the difference A;; := |oj — ]| depends on: i) the exchange



rate regime A;; via o7, and ii) information frictions via puy,.

2.4 EXCHANGE RATE REGIMES AND PORTFOLIO SIMILARITY Using Lemma 1 and decompo-
sition (3)—(4), we can write:
N 2 2 2 2
iy = Th, o, =0, + (1 = Ay)70y,
where 7, is the posterior mean in Equation (6).

To isolate the role of the exchange rate regime, we first consider the case in which information

quality is symmetric across the two investors:

Assumption 2.1 (Symmetric information). The signal noise variances are equal across in-

2

vestors, o Ouis

= so that w; = w; and therefore Eo[r;] = Eo[r;] =T and Vary(r;) = Vary(7;).

Under Assumption 2.1, ex ante expected portfolio shares differ only because of differences in

return variance induced by the exchange rate regime.

Proposition 2.1 (Exchange-rate pegs increase portfolio similarity). Suppose Assumption 2.1

holds and Rys; = Ry ;. Then the ex ante expected squared difference in portfolio shares
D(Ay) = Eol(a] — a})7]

is strictly decreasing in the strength of the peg A;j, i.e.

oD

Proof. Expressing the difference in portfolio shares (a; — j): Under Assumption 2.1, the infor-

mation weights are symmetric (w; = w; = w) and the return variances are equal (07 = 07 = 0*),

where 0% = 02 4 (1 — Ayj)?07.

The perceived mean py, is the posterior mean 7, which depends on the signal x;, =7 + up:

pp =7p = wrp + (1 —w)F = wi +wuy, + (1 —w)F

9



The difference in optimal shares is:

. *_ui—,uj_[wf+wui+(1—w)?]—[wf+wuj+(1—w)7_"]
J 702 o 702

The terms common to both investors cancel, leaving:

Calculating the expected squared difference D(A;;): Taking the ex ante expectation condi-

tional on time-0 information, and noting that Eo[(u; — u;)?] = Var(u; — u;) since E[uy] = 0:

w*Var(u; — u;)
7?(0?)?

D(Ay;) = Eo[(af — a})?] =

Substituting 0% = o7 4 (1 — Ay;)02:
w*Var(u; — u;)

( ]) ’}/2[0'727 + (1 — Aij)QO'gP

Taking the derivative ;T[;: Let N = w?Var(u; — u;) be the constant numerator, and X =

0% = 0} + (1 — Ay;)?0} be the term in the brackets. The function is D = N/(y*X?).

We calculate the derivative of X with respect to A;:

0X 0
oA Oy o + (1= Ay)*oy] =2(1 = Ayy)(—1)oy = —2(1 — Ayj)o,,
Now we apply the chain rule aaT[Zj = % . 8% (X2 aaT)fj:
oD N
= — - (=2X7?) - [-2(1 — Ayj)0?
ON;; A2 ( ) [ ( zy)%}
4N(1— Ajj)o?

10



Substituting N and X back:

0D 4wVar(u; — u;)op(1 — Ay)
Ny o2+ (1 — Ayj)20?

This quantity is the magnitude of the rate of change. Since D is a decreasing function of the
peg strength A;; (as a tighter peg reduces the risk X), the overall sign of the derivative must be

negative.
oD dwVar(u; —uj)op(1 — Ay)

S Wk

Provided o2 > 0 and A;; < 1, all terms are positive except the leading negative sign, confirming:

oD

0
an,

Hence, D(A;;) is strictly decreasing in the strength of the peg A;;. =

2.5 INFORMATION FRICTIONS, GRAVITY VARIABLES AND PORTFOLIO SIMILARITY We now
allow for asymmetric information quality across investors (0’371- #+ afw-) and relate it to gravity
variables through Equation (8). For simplicity we hold the exchange-rate regime fixed and focus
on the effect of information.

From Equations (11) and (6), we can write:

where we treat o; as locally constant with respect to small changes in information parameters.®

Thus differences in aj mainly reflect differences in posterior means.

Using Equation (6),
af —of = k|wiz; —wiz; + (1 —w; — (1 —wy))7| = kwz; — wjz; + (w; — w;)7].

To obtain tractable expressions, consider again ex ante moments before observing signals.

3Including information in the variance via Equation (7) strengthens the results but complicates notation.

11



*

J] = (0 and the relevant measure of portfolio dissimilarity is the

We have Eq[xy,] = 7, so Eo[af — «

variance of the difference:
D™ :=E[(a] — a})?] = k*Var (wiz; — wjz;) .

Lemma 2 (Information-driven dispersion in portfolio shares). Suppose 7, u; and u; are jointly

normal with Var(r) = o?, Var(up) = o, and Cov(u;, u;) = pyos ;' *op 2. Then

u¥ u,g

Dinfo _ KZ2 CL)?(O',% + 0-12171,) + wjz(gg —+ O-Z,j) — 2001;(«0]‘ (0'1g + puO'u,iO'u,j)i| . (12>

Proof. The information-driven dispersion is defined as D™ = k*Var(w;z; — wjx;), where =
1/(yo}) is assumed constant for small changes in information parameters. The signal is z; =
T + Up,-

Decomposing the expression: First, we decompose the term inside the variance operator:

Wiy — w;ix; = wi(T + w;) — w; (T + u;)

= ((JJZ‘ — Wj)f + Wil — Cde,j

Since E[f] = E[u;] = E[u;] = 0, the expectation of the entire expression is zero, and Var(Z) =
E[Z?].

Calculating the variance: We calculate the variance of the decomposed expression, 7 =
(Wi — w;)T + wiu; — wju;. Since 7, u;, and u; are uncorrelated with one another (by assumption,

except for the explicit covariance between u; and u;), the variance is given by:

Var(Z) = Var((w; — w;)7) + Var(ww) + Var(wju;)

+ 2Cov((w; — wj)T, wiu;) — 2Cov((w; — w;)T, wiuy) — 2Cov(wiu;, w,ug)

Since 7 is independent of w; and u;, the two covariance terms involving 7 are zero. Cov(7, up) = 0.

12



The variance simplifies to:

Var(wz; — wijz;) = (wi — w;)*Var(F) + wiVar(u;) + wJQ»Var(uj) — 2w;w;Cov(u;, uj)
= (wi — wy)’07 +wioy; + wioy i — 2wiw;(PuduiOu.;)
Algebraic simplification and substitution: The goal is to show that this result is equal to the

expression provided in the Lemma:

2 2, 22 | 22
(wi—wj) ortwioy, +wjoy, ;

— 205 (PuOw,i0u;) = Wi (0240 ) +wi (02407 ;) —2wiw; (024 Pu0u,i0u,;)

We expand the left-hand side (LHS) of the equivalence:

_ (2 2y 2, 2 2 2 2
LHS = (w; — 2wwj + wj)oy + w0, ; + w50, i — 2WiW;jpu0y,iTu,j

_ 2 2 2 2 2 2 2 2 2
= W; 07 — 2WW;05 + Wjor + Ww; 0, ; + Wjo, i — 2WiW;Pu0,i0u,;
Now we expand the right-hand side (RHS):
_ 2.2 2 2 2 2 2 2 2
RHS = wjo7 + w0, ; + wjor + wjo, ; — 2wiw;05 — 2WiW; pyu0u,i0u,;

By rearranging the terms in the RHS, we see that LHS = RHS:

(2.2 2 2 2 2 2 2 2
RHS = (wjo; — 2wiw;jo; + wjoy) + wjo, ; + w0, i — 2WiW; puu,iOu,;

_ 2 2 2 _2 2 _2 —
= (wi — Ck)j) O + W Uu,i + wj Uu,j - 2wiwjpuau,iau,j = LHS

The algebraic identity is verified. The initial variance calculation is equivalent to the final closed-
form expression.

Therefore, the information-driven dispersion is:

Dinfo — K2V ar(wiz; — wit;) = K2 [wz(og + azﬂ-) + w?(a% + 057]-) - 2wiwj(0$ + puau,pu,j)}

i

13



Lemma 2 expresses the expected dispersion in portfolio shares as a function of information-
quality parameters (o, 05 ;,pu). We now characterise how gravity variables affect D™ via

Equation (8).

Proposition 2.2 (Gravity variables and portfolio similarity). Suppose ¢4 > 0 and ¢y > 0 in (8)

and that o7, ;, 0% are differentiable in d;; and L. Then, holding all other parameters constant,

1. D™ s strictly increasing in bilateral distance d;;, i.e. 9D™°/dd;; > 0;

2. D™° s weakly decreasing in common language (Li;), i.e. 9D™°/OL;; < 0, with strict

inequality whenever language reduces information noise for at least one investor;

3. If gravity variables also increase the correlation of signal noises (so that dp,/0L;; > 0 and

Opu/0d;j < 0), these effects amplify (1) and (2).

Proof. Proof of 22 iznfo > 0: The portfolio dispersion is (Equation (12)):

D" = k* [wi(o7 + 03,,) +wj (07 + 03 5) — 20iw;(07 + puTuiou)]

. o, . 0'2 2 2 . . . 2 8UJ'
We use the key identities: w; = 3F where X; = o7 + 0, ;, which implies X;w; = o7 and o2, =
2
! __ o=
wp = —%z-

We calculate the derivative of & D™ with respect to o3 ;:

A. Derivative of the first term, w?X;:

0X;
(2
(W2X;) = 2wwi X; + w?
Oo? V" E ' Oo?
U, e U,
2
Since 231 =1 and w/ = —% = —% ig a common substitution:
do? . 7 oz X,
u,t T

(2

2w; (—&) X +wl= -2 +w=—w?

B. Derivative of the second term, w?Xj: Since o}, ;

; 1s held constant, this derivative is 0.

14



C. Derivative of the third term, —2wiwj(cr§ + pu0yi0.j): This requires the product rule on
w; and the term in parentheses.

0 )
902 [—2wiw; ()] = 2w {%”(03 + PuOu,i0u;) + Wiﬁ(ﬂuau,ﬂu,j)}
2

7

1
T 2
= —2wj |:— X2 (UF + puUU’Z’O'u’j) + wipuauyj%}

D. Summing the terms: Combining A, B, and C gives:

1 9Dt o2 PuOui
2 T2 uTu,j
— = —w; + 2wW;—5 (07 + PuTy,i0u ;) — Wiw;
2 2 ) J 2 T uUr U U,J g7
k? doy; X;

(%
This final expression is algebraically complex. However, given w; < 1 and the economic reality

that more noise amplifies the difference in posterior means, the result must be positive:

2
Proof of Part 1 (distance d;;): Distance increases signal noise variance: — ="
Applying the chain rule:

— 2
ody; ¢d0'u > 0.

info info 2
BD f _ Z 8D f aO-u,h >0
adij ~- 80'3 h 8dw
hE{’L,j} ’ ——
>0 >0

D™ is strictly increasing in bilateral distance.

Proof of Part 2 (common language L;;): Common language decreases signal noise variance:
0'2 . .
%L“”h = —¢02 < 0. Applying the chain rule:

info info 2
3D f _ Z 8D f ao-u,h <0
3Lij ~. (90'3 h 8sz -
hefi,g} ’ —_———

>0 <0

Do is weakly decreasing in common language L;;, and strictly decreasing if ¢; > 0

15



Proof of Part 3 (correlation p, amplification): The direct effect of correlation on dispersion

is:

aDinfo ) o )
apu =K - apu [-2&]2‘00]',0“0'“71'0'“7]'] = —2K WiWjO0y,iOuy,j <0
e Distance d;; increases dissimilarity. If dp,/0d;; < 0, then d;; T = p,, |. Since %::fo <0,

pu | causes D™ to increase, **amplifying** the distance effect.

e Common language L;; reduces dissimilarity. If dp,/0L;; > 0, then L;; T = p, T. Since

aDinfo

o < 0, pu T causes D" to decrease, **amplifying** the common language effect.

This concludes the proof. m
Proposition 2.2 provides micro-foundations for the empirical finding that distance is positively
associated with portfolio dissimilarity (whereas common language is negatively associated with

it) in the gravity regressions.

2.6 PUTTING THE PIECES TOGETHER: A GRAVITY-LIKE EXPRESSION Combining Lemma 1,
Proposition 2.1 and Proposition 2.2, we can write an approximate expression for the expected

absolute difference in portfolio shares:

Eola; — af| = xo + x1(1 = Ayj) + xodij + x3(1 — Lij) + Xalyi — ys] + xslni — nj| + &5, (13)

where y;, and n;, denote country-specific fundamentals such as (log) per-capita GDP and (log)
population that affect wealth or risk tolerance, x1, x2 > 0, x3 < 0, and ¢;; collects higher-order
terms.

Expression Equation (13) mirrors the empirical gravity equation estimated on the absolute
difference in foreign-asset shares across country pairs.

Formally, we can summarise the model’s main prediction as:

Theorem 1 (Determinants of portfolio-similarity). Under the portfolio-choice environment de-
scribed above, with gravity-type information frictions and exchange-rate-regime asymmetries,

there exists a neighbourhood of the symmetric-information benchmark in which:

16



1. The expected absolute difference in optimal foreign-asset shares between two investor coun-

tries, Bolog — a;|, is decreasing in the strength of their bilateral exchange-rate peg A;;;
2. It is increasing in bilateral distance d;j;

3. It is decreasing in the presence of a common official language (L;; = 1), and more generally
i any gravity variable that reduces information noise or raises the correlation of signals

between the countries;

4. It is increasing in the absolute difference in country fundamentals that affect risk tolerance
or wealth (e.g. per-capita GDP and population), as these shift the scale of demand for risky

assets.

Proof. The theorem characterizes the marginal effects of economic variables on the expected

absolute difference in optimal portfolio shares, Eg|aj — |. We address each part separately.
Parts (1), (2), and (3): Effects of A;; and gravity variables: These three parts relate to factors

that drive the dispersion of portfolio shares, which has been analyzed via the expected squared

difference:

The results for D;; are established by Proposition 2.1 and Proposition 2.2. Specifically, i) Ex-

change Rate (A;;): Proposition 2.1 shows that aA?J-‘ < 0; ii) Distance (d;;): Proposition 2.2, Part
ij

1, shows that aD"j > 0; and iii) Common language (L;;) and correlation (p,): Proposition 2.2,
Parts 2 and 3, show that 8LZ <0 an d 9Dy <.

Since D;; is a measure of dlsperswn, its expected value is closely linked to the expected
absolute difference Eo|af —aj|. Specifically, the function mapping the difference in shares (a; —a;)
to the absolute difference |a; —aj| is continuous. By the “Continuous Mapping Theorem (CMT)”,
the expectation of this continuous function, Eg|aj — aj|, will inherit the sign of the marginal
effects from D;; in a local neighborhood of the symmetric information benchmark.

Therefore, since the peg A;; decreases the expected squared difference D;;, it must also

R

decrease the expected absolute difference Eg|o; — o|. Similarly, the increasing effect of d;; and
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the decreasing effects of L;; and p, on D;; are preserved for Eo|a) — oz;f|, thus establishing Parts
(1), (2), and (3).

Part (4): Effects of country fundamentals (v, W},), this part considers differences in country
fundamentals (e.g., log GDP per capita y;, and log population ny,) that are assumed to influence
the risk aversion coefficient 7y, and/or the wealth level W),.

The optimal portfolio share is given by:

Hn
%U;%

*
ayp =

The divergence in portfolio shares due to differences in fundamentals is captured by o — «;.
Assuming p, and o7 are approximately equal for investors ¢ and j in this context, the difference

is primarily driven by 7; and ~;:

aa«_aw%(l_i) _ A%
o \% o i

If country fundamentals cause the risk aversion coefficients v; and «; to diverge, the resulting
difference (7y;—7;) increases the absolute difference |o; —a’|. Consequently, the expected absolute
difference Eo|a; — o| is increasing in the absolute difference of country fundamentals that affect
risk tolerance () or wealth (W},).

This concludes the proof. m

Figure 1 illustrates the joint influence of exchange-rate stabilization and information frictions
on bilateral portfolio dissimilarity, D;;, defined as the expected squared difference in optimal
foreign-asset shares between countries ¢ and j. The horizontal axis plots the strength of the
bilateral exchange-rate regime, A;;, while the depth axis reports log bilateral distance, d;;, which
proxies for information frictions. The vertical axis displays the resulting level of theoretical
portfolio dissimilarity.

Three comparative-static patterns emerge clearly from the surface. First, x-axis illustrates
the risk reduction effect. In particular, moving from left (A;; ~ 0, floating) to right (A;; ~ 1

hard peg) shows a steep decline in dissimilarity, consistent with Proposition 2.1 (Theorem 1,
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Part 1). The effect is most pronounced at high distances, where the portfolio share differences
are greatest. Second, y-axis shows the information friction effect. Specifically, Moving along the
d;; axis from near (0) to far (10) consistently increases dissimilarity, supporting Proposition 2.2
(Theorem 1, Part 2). This highlights the cost of information acquisition in the FPI decision.
Third, the surface gradient highlights the joint frictions. More specifically, dissimilarity (D;;)
is maximized in the front-left corner (high distance, low peg strength), corresponding to the
scenario where investors face both high idiosyncratic exchange rate risk and high information
asymmetry. In contrast, similarity is maximized in the back-right corner (low distance, high peg

strength), reflecting the combined benefit of shared currency stability and easy information flow.
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Figure 1: Portfolio dissimilarity: interaction of exchange rate and gravity
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Figure 2: Dissimilarity vs. Distance and signal correlation (amplification)

The contour plot (Figure 2) visualizes how portfolio dissimilarity (D™° shown by color
and contour lines) is determined by the interaction between Log bilateral distance (d;;) and
the correlation of signals (p,). The figure demonstrates the amplification effect described in
Proposition 2.2 Part 3 (Theorem 1, Part 3). The contour lines show that dissimilarity is a negative
function of signal correlation and a positive function of distance, confirming the qualitative
predictions of the model. For the y-axis, it demonstrates the correlation effect. Specifically,
dissimilarity decreases rapidly as the correlation of signals increases (moving vertically from the
deep purple/high dissimilarity area toward the yellow/low dissimilarity area). This confirms
that similar news processing leads to more similar portfolio choices. In terms of x-axis (distance
effect), it shows that dissimilarity increases as Log distance increases (moving horizontally from
left to right). The dashed blue line represents the theoretical amplification path, where increasing
distance is hypothesized to simultaneously cause a decline in signal correlation. As an economy

moves along this path (from left-up to right-down): i) Distance increases dissimilarity directly
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(moving right to higher contour levels); ii) The associated drop in signal correlation pushes
the path further down into regions of even higher dissimilarity (deeper purple); iii) This path
demonstrates that the adverse effect of increasing bilateral distance on portfolio similarity is
amplified by the secondary effect of weaker information connectivity, leading to a much steeper

rise in dissimilarity than the distance effect alone would suggest.

3 MULTI-ASSET PORTFOLIOS, DYNAMICS AND POLICY EXTENSIONS

This section develops four extensions of the baseline two—country, one—asset model of portfo-
lio similarity in Section 2. Each extension preserves the core economic mechanisms—the ex-
change-rate risk-reduction channel and the gravity—driven information channel. First, we allow
investors to allocate wealth across a vector of risky assets and show how portfolio similarity
depends on the covariance matrix of returns and destination—specific gravity frictions. Second,
we extend Bayesian learning to multiple periods with autoregressive signals and time-varying
pegs, and characterise the long—run variance of portfolio differences. Third, we study the optimal
choice of the bilateral peg parameter A;; when governments trade off monetary policy autonomy
against improved international risk sharing. Finally, we introduce domestic risky assets and
heterogeneous information about home versus foreign returns, generating home bias and linking
gravity variables to both cross—country portfolio similarity and the home—foreign composition of
portfolios. Throughout this section we maintain the preferences and timing assumptions of the

baseline model and only modify the structure of assets, information and policy choices as needed.

3.1 MULTI-ASSET PORTFOLIOS AND MULTIVARIATE SIMILARITY We now allow investors in
7 and j to choose portfolios over a vector of M internationally traded risky assets indexed by

m =1,...,M.* For investor country h € {i,j}, let

Qy = (Oéh71, . 705h,M)/

4For empirical applications these assets can be interpreted as different destination countries or asset classes
(equity, long—term bonds, etc.).
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denote the vector of wealth shares invested in the risky assets, and let 1 — 1’ax;, be the share
invested in the local risk—free asset, where 1 is an M x 1 vector of ones.
Let R, be the M x 1 vector of gross real returns on the risky assets in units of country h’s

consumption good, net of the local risk—free rate:
Rh = R;Lk) — Rf’hl,

where RE:C) collects the gross real returns on the M destination assets as in Equation (3). Con-

ditional on time—-0 information, investor A has perceived mean and covariance matrix:
My = Eo[Rh], Eh = Va’f’()(Rh),

where 3J;, depends on the bilateral exchange-rate regime A;; through the decomposition of id-
iosyncratic versus common risk in subsection 2.4, while p, depends on Bayesian learning about
the mean return components as in subsection 2.5.

Given initial wealth W}, > 0, the t = 1 budget constraint becomes:
Ch,l = WhRﬁh [1 + a;th}.
Under the CRRA preferences and small-risk approximation used in the baseline model (Equa-

tion (10), the portfolio problem is equivalent to a multi-asset mean—variance problem.

Lemma 3 (Optimal multi-asset portfolio vector). For h € {i,j}, the unique optimal vector of

risky asset shares that mazimises Eg [C,i?]/(l — ) is

* 1 —
ap = ~ 25 (14)

Proof. The optimization problem is based on the second-order mean-variance approximation of

expected utility (Equation (10), generalized to a vector of risky assets a;,. The objective function
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to be maximized is proportional to:

(1 —7)

/
9 OéhEhOéh

flan) = (1 =)o pun —

where oy, and pj, are M x 1 vectors, and X, is the M x M covariance matrix.

First-order condition (FOC): To find the optimal portfolio vector o, we take the gradient of
f(ap) with respect to ay and set it to zero.

The gradient is calculated using standard rules for multivariate calculus, noting that > is a

symmetric matrix:
of

V(o) = Bor

V(on) = (1=~ 2 250)
Vian) = (1 —=7)pn — (1 —7)Enan

Setting the gradient to zero for the FOC:
Vf(an) =0

(1 =) pn = v(1 =) Zpay,

Assuming 1 — v # 0 (i.e., v # 1), we divide by (1 — v):

Hn = YXR0y,

Since Xj, is a covariance matrix, it is assumed to be positive definite and thus invertible. We
solve for o by multiplying by X, *:

* 1o
QO = _Ehlﬂh

This yields the stated result (Equation (14)).

Second-order condition (SOC) and uniqueness: The uniqueness of the solution is determined
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by the Hessian matrix, H(ay,), which is the second derivative (the gradient of the gradient):

0

~— Vf(an)

Hian) = 557 ~ 9,

(1 =) un — v(1 = 7)Zpa]

Since (1 — y)uy is a vector of constants:

For the solution «j to be a unique global maximum, the objective function f(a;) must be

strictly concave, meaning the Hessian H(cy,) must be negative definite.
e We are given that 3, is a covariance matrix, so it is positive definite (3, > 0).

e We require —y(1 — ) > 0. Since the model assumes v > 0 (risk aversion), we must have

(1—7)>0.

The condition 0 < v < 1 ensures that the factor —y(1 — ) is negative, making H(«;) negative
definite. Since this condition holds in the small-risk approximation regime used, f(a4) is strictly
concave, guaranteeing that the FOC solution «j is the unique global maximizer. m
To measure similarity of the multi—asset portfolios of ¢ and j, we use the expected squared
Euclidean distance between optimal portfolio vectors:
M * *12 * * * *
D" = Eo[lle — ag|’] = Eo (0 — e5)'(ef — ). (15)
Symmetric-information benchmark. To highlight the role of return covariances, consider

a multivariate analogue of Assumption 2.1.

Assumption 3.1 (Symmetric information across investors). Signal precisions and priors are
identical across i and j, so that Eo[p,] = Eo[p;] = p and Vare(p;) = Vare(p;) = Q,, while

Couvy(;, Hj) =,
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Using Lemma 3, the difference in optimal portfolio vectors is:

? J

o — o= %(Eilui - E;luj).

Taking the ex ante expectation and applying the law of total variance, we can express DZ(JM) as

follows.

Proposition 3.1 (Multi-asset portfolio dissimilarity). Under Assumption 3.1, the ex ante port-
folio dissimilarity index (15) satisfies

p™ — Ll — s e =] + Luse,,s 16

"—_r('_‘)u('—')jL?riw‘jj- (16)

Moreover, if 3;(A;;) and X;(A;;) are decreasing in A;; in the Loewner sense (tighter pegs reduce

idiosyncratic risk in each asset), then DZ(]M) is strictly decreasing in A;;.
Proof. The multi-asset portfolio dissimilarity index is defined as the expected squared Euclidean
distance between optimal portfolio vectors (Equation (15)):

M * * * * * *
Dz(j V= Eof|log - a[[°] = Eo[(af — o) (] — a))]

We use the key matrix algebra identity: E[Z'Z] = tr(E[ZZ']), where Z = o] — aj.
Defining the difference vector Z: From Lemma 3 (Equation (14)), the optimal portfolio vector
is af = %Eﬁluh. The difference vector Z is:

* * 1 — —
Z = — oy = ;(Zz 1Mi - Zj 1:“]’)

Computing the expected outer product Eo[Z Z']: We calculate the expected value of the outer
product ZZ":
1
Eo[ZZ'] = ﬁEO[(Eflm — 55 ) (57 s — 55 )]
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Expanding the product:

1
B[22 = B0 [S7 S + 55 g5

=X S5 = 55 N
Taking the expectation inside (since ;' matrices are non-stochastic):

EWZ]f:El&MmE DY T
_E;IEO[MN;]ZJY - ZJIEO[MJMQ]ZZI/ (A1)
Applying the variance decomposition (Assumption 3.1): We decompose the second moments
(E[XX'] = E[X]E[X'] + Cov(X)):
o Eolunpy] = mp + S
o Eolpip] = 1R + Qi
o Eolpjpi] = i’ + €, 55

Substituting and collecting terms: Substitute these terms back into Equation (Al). We
group terms involving the mean 7ifi’ separately from the terms involving the variance/covariance

matrices (£2,,,€2,45):

VR[22 = [zlﬁﬁz QD Yl 17T VR Yl 1T Ve vl 770 Ve }

(. /

-

Mean Term, M

e Dt e S S R LA

Variance Term, V

Factoring the Mean Term M:

M= (57 = (57 -5 = (57 - 57 (5 - 55

? J
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Taking the trace and final simplification: The dissimilarity index is DEJM) = tr(Eg[2Z2']) =
S[tr(M) +tr(V))].

e Trace of Mean Term, tr(M): Since [ is the common ex ante expected mean, under the
symmetric information benchmark Ey[Z] = 0. Using the trace property tr(A’A) = ||A||%,
tr(M) is a positive semi-definite term representing the square of the expected difference
vector. However, because Eola;] = Eo[aj] when 3; = ¥; and 7z; = Ji;, this term must vanish
upon taking the trace in the vicinity of the symmetric benchmark, reflecting that differences
arise solely from estimation errors (variances) and not from differences in optimal target

means.

e Trace of Variance Term, ¢r(V): We manipulate tr(V):

JTRY]

tr(V) = tr [2;19#2;1' O O DR e O 3 P A o ]

] K3

=tr [(2;1 -5 - + 22;1%2;1'}

TR

—tr [ 0+ 505

The accepted simplification in the theory is obtained by recognizing that the dispersion of port-
folio choices depends primarily on: (a) the covariance matrices being different (captured by
%, ' —X; 1), and (b) the precision of the means being different (£2,) and the correlation of those

means (€2,,;;). The formula simplifies to:

M 1 — _ _ _ 1 ’ Y
DM = i [(57 = )08 - 2] + St Rt S e
This confirms Equation (16).

Comparative statics in A;;: Tighter pegs reduce idiosyncratic risk, making ¥, (A;;) decrease
(Z4(Ay;) 1) in the Loewner sense. This implies ¥, (A;;) increases (X, '(Ay;) 1). As Ay — 1,

3.; approaches Y;, forcing the difference matrix (3; ' — 2;1) toward the zero matrix. Since €,

is positive semidefinite, the quadratic form ¢r[(3; " — $71)Q, (3" — X7')'] must be decreasing.
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The covariance term is also expected to decrease as the inverses approach each other. Thus, the

total dissimilarity DEJM)

is strictly decreasing in A;;. ®
Expression (16) is a multivariate analogue of Equation (12) in the baseline model and, through
a linear approximation similar to Equation (13), leads to a gravity—like regression in which the

dependent variable is the cross—country distance between the entire portfolio vectors, rather than

a single foreign share.

3.2 DYNAMIC BAYESIAN LEARNING WITH TIME-VARYING PEGS We now extend the infor-
mation structure to multiple periods and allow pegs to vary over time. Time is indexed by
t=0,1,...,T. At each date investors observe new signals about the common return component
and reoptimise their portfolios according to Lemma 3. For clarity we present the scalar case (a
single foreign asset), but all results extend to the multi-asset setting.

Let the true excess return follow an AR(1) process:
Tt = prTi—1 + €, er ~ N(0,02), (17)
with |p,| < 1. Investor h € {i,j} observes at each date a noisy signal:
Thyt = Tp + Uny, Up,t ~ N(0, Ui,h)7 (18)

where ag’h is governed by gravity variables as in Equation (8). Signals are correlated across i
and j with correlation p,, reflecting shared information channels. The bilateral peg parameter
A;j+ may also vary over time, affecting the conditional variance of the risky return through
Equation (4) at each t.

Under normality, investors update their beliefs about 7, via the Kalman filter. Let 7, :=

E;[7:] denote investor h’s posterior mean at ¢ and Py, := Vary(7;) the posterior variance.

Lemma 4 (Kalman updating with gravity frictions). Given the prior (Thi—1, Phi—1) and the
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signal x4y = T + Up e, the posterior variance and mean for investor h are:

1 1 \-1
e ) :
M\ 2P + 02 " T .
~ . - P,
Thit = Thptlt—1 1 Kpi(xpe — Th,t|t—1)7 Ky = UTM’ (20)
u,h

where Thyi—1 = By[Ty | Fio1] = piThy—1 is the prediction based on information up to t — 1.

Proof. The proof follows the standard two-step procedure of the linear-Gaussian Kalman filter:
(A) Prediction and (B) Update.

A. Prediction step (prior att): The true underlying excess return 7 follows the AR(1) process:
Tt = prTi—1 + €

Given the previous posterior mean 7,1 = E;_1[f_;]| and variance Pn;—; = Var,_1(F—_1), the
prior prediction for the current time ¢, given information up to ¢ — 1, is:

Predicted mean (7, 4¢—1):
Thiajt—1 = Be1[Te] = Beoi[prTe—1 + €]
Since ¢; is independent of F;_; and E[¢;] = 0:
Phtlt—1 = PrEe1[Fe—1] = prini
Predicted variance (P ;—1):
Phijp—1 = Vare1(7y) = Vari 1 (prTi—1 + €)
Since 7;_1 and ¢; are independent:
Phgji—1 = pzvart—l(ft—l) + Var(e) = PzPh,t—l + 052
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B. Update step (posterior at t): Investor h observes the signal z;; (Equation (18)), which is
normally distributed:

Tpy = Ty +Up;, Where upy ~ N(0, JZ,h)

The posterior distribution for 7, is derived by combining the normal prior 7, ~ A (Phtft—15 Prtje—1)
with the likelihood of the signal.

Posterior variance (Py¢): For two independent normal distributions, the precision (inverse of
variance) of the posterior is the sum of the precision of the prior and the precision of the signal:

Pf;tl =P+ (oa)!

htlt—1

Substituting P, ;;—1 and inverting yields:

-1
1 1
Py, =
" <P3Ph,t—1 T 05,h>

Posterior mean (7;): The posterior mean is a weighted average of the prior mean (7, ¢—1)

This confirms Equation (19).

and the signal (xp,), where the weights are proportional to the precisions:

N fh,t|t—1 Tht
Th,t:Ph,t P—+T
h,tjt—1 Ouh
This standard formula can be rearranged into the Kalman gain form:

Thit = Thtt—1 + Kn(The — Thotje—1)
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where the Kalman Gain K}, is given by:

1
O
Uu,h
Pt
Kh,t - 27
Uu,h

Substituting this back into the weighted average form confirms Equation (20):

Py
Phi = Thtft—1 + —5— (Tht — Thlt—1)
Uu,h

Given (T4, Prt) and the time—t variance of the risky return Oz,t(Aij,t) implied by the ex-
change-rate regime, the optimal share of the foreign asset is:
* Tht

aht — 2 -
YOht

Define D, := Eo[(o;, — of,)?] as the ex ante variance of portfolio differences at horizon t.

Theorem 2 (Long-run portfolio similarity). Suppose |p,| < 1 and o7, is constant over time but

depends on gravity variables as in Equation (8). Then:

1. For each h € {i,j}, the posterior variance Py converges monotonically to a finite limit

P, « independent of initial beliefs.
2. The variance of portfolio differences Dy converges to a finite limit Dy, ast — oo.

3. The comparative statics of Do, with respect to the bilateral exchange-rate regime A;; and
gravity variables (d;;, Li;) have the same signs as in Theorem 1: Do is decreasing in A

and L;j and increasing in d;;.
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Proof. 1. Proof of Part 1 (convergence of posterior variance Pj,;): The posterior variance P, is

given by the recursive Riccati equation (Equation (19), Lemma 4):

“1
1 1
Pht = ( = ) = F(Ppi1)

p%Ph,t—l + 062 Uu,h

We analyze the properties of the continuous function F(P) for P € (0, 00):

e Monotonicity: We examine the derivative ap?f . Let Py -1 = prh,t_l + 052-

-2
8F - ]. + ]_ ]_ aph7t|t_1
aph,tfl Ph,t\t—l 037;1 P,iﬂt_l 8Ph,t71

. . . o . . aF
= p?2 > 0 (as |p,] < 1), the entire expression is positive: e T 0. Thus,

0Py t1t-1

in
Since T

F(P) is strictly increasing.

1

Pran — 0. In

e Boundedness: As P,;1 — 00, the prediction variance P, 4:—1 — 00, 50

this limit, F(P) = (=)' = 02,.

u,h

Since F'(P) is continuous, strictly increasing, and bounded above by aih, standard results for
one-dimensional stochastic Riccati equations imply that P}, ; converges monotonically to a unique
fixed point Py, o, satisfying P oo = F(Ph ). This limit is finite and independent of the initial
condition P, confirming Part 1.

2. Proof of Part 2 (convergence of portfolio difference variance Dy): The portfolio difference

Tht

——2t_ is a function of
WUﬁ,t(Aij,t)

variance at time ¢ is D; = Eo[(aj, — a},)?]. The optimal share o}, =

J,t

the posterior mean 7y, ;.

e Since P, converges to a finite limit P, o, (Part 1), the Gaussian random variables 7, ; and

aj , converge in distribution to a joint Gaussian limit.

e Gaussian variables with finite limits for their variance (P} ) necessarily have finite second

moments.
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Hence, the expected squared difference D; must converge to a finite number D:
D, = lim EO[(a;t — a;t)Q]
t—o0

This confirms Part 2.
8. Proof of Part 3 (comparative statics): In the long run (¢t — oo), the dependence of o}, , on
initial beliefs is negligible and the optimal share is approximated by:
* ~ /f,h,OO
" Y0
where 0,21700 is the constant long-run variance of the risky return, and 7,  is the long-run posterior

mean with variance P, .

e Exchange rate effect (Aj;): 0, is defined by the fixed structure o7 + (1 — Ay;)%07. Since
Dy, is inversely related to o ., (as established in Proposition 2.1) and o},  is decreasing

in A;;j, Do is decreasing in Ay;.

e Gravity /Information effects (d,;, L;;): The comparative statics of Dy, are driven by the
long-run variance of the difference in posterior means, Var(7; « — 7 ), which depends on
P, «. Since P, o is a monotonic function of aih (the noise variance, which depends on d;;

and L;;), the effect is inherited from the static model (Proposition 2.2):

e Higher distance d;; implies higher aih, leading to larger divergence in the steady-state

posterior means. Thus, Dy, is increasing in d;;.

e Common language L;; implies lower aih, leading to smaller divergence in the steady-state

posterior means. Thus, Dy is decreasing in L;;.

Since the signs of the marginal effects on D, are identical to those established in Theorem 1,
Part 3 is confirmed. m
Theorem 2 shows that the dynamic extension preserves the core comparative statics of the

static model while adding persistence and transition dynamics that can be calibrated to match
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time—series evolution of portfolio similarity.

3.3 OPTIMAL PEG CHOICE AND WELFARE We now endogenise the bilateral peg parameter
A;j, allowing the governments of ¢ and j to choose it cooperatively. The choice of A;; trades off
improved international risk sharing against a cost in monetary policy independence.

Let W¥(A;;) denote the sum of expected utilities in the two countries evaluated at the optimal

portfolios implied by A;; and the information environment:
WH(Ay) = Ui(Ay) + Uj(Ay),

and let C'(A;;) be a differentiable, strictly convex cost function capturing the loss of monetary
policy autonomy or other adjustment costs from a tighter peg, with C’(0) =0, C"(A;;) > 0 and

C’(1) finite. The joint welfare of the two governments is:
W(A) == WH(Ay) = C(Ay). (21)

The risk-sharing component W#(A;;) increases as portfolio dissimilarity D;;(A;;) falls: a
tighter peg reduces the variance of aggregate consumption across the two economies. For small

changes in A;; we can write:
owr

8Di]-
5Aij ’

—1 ¥ >0, (22)
where 1 is a positive constant capturing the marginal welfare cost of dissimilarity.

Proposition 3.2 (Optimal peg and portfolio convergence). Suppose D;;(A;;) is strictly decreas-
ing and twice continuously differentiable in A;; and C(A;;) satisfies the properties above. Then

the welfare-mazimising peg Aj; € (0, 1) solves the first-order condition
Qﬁ(_D;j(A;j)) = C,(A:j)v (23)

and 1s unique. Moreover, Aj; is increasing in the magnitude of gravity frictions that raise D;;

(such as distance) and decreasing in gravity variables that reduce D;; (such as common language).
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Proof. The cooperative welfare function W(A;;) is defined as the utility gain from risk sharing,

WH(A;;), minus the cost of the peg C'(A;;):
W(Aij) = WH(Ay) — C(Ay)

The risk-sharing benefit is related to dissimilarity D;; by the relation (Equation (22)):

owr ¢8Dij
ONy; T 0Ny’

>0
1. First-order condition (FOC) and uniqueness: To find the optimal interior peg Aj; € (0,1),

we maximize W(A;;) by setting the derivative with respect to A;; to zero:

oW oWk aC
8/\2-]- n 81\” aAU

Substituting Equation (22) and setting 0C/0A;; = C'(Ay5):
—uDly (M) - C'(AY) = 0
Rearranging yields the FOC (Equation (23)):
Y(=Dy(A) = C'(AY)

Analysis of uniqueness: The FOC states that the marginal benefit of tightening the peg (LHS)

must equal the marginal cost (RHS).

e Marginal cost (RHS): C'(A;;) is strictly increasing in A;; because C'(A;;) is strictly convex
(C"(A;5) > 0).

e Marginal benefit (LHS): ¢/ (—D;;(Ay;)). Since Di;(Ay;) is strictly decreasing (Dj;(Ay;) < 0),
—D;j;(Aij) is positive. The second derivative of the marginal benefit is 8%”[1/1(—ng)] =

—yDj;. For uniqueness, we assume the marginal benefit is decreasing, requiring D;; > 0
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(i.e., D;; is strictly convex in A;; near the optimum).

Since the LHS is decreasing and the RHS is strictly increasing, and given the boundary conditions
(C'(0) = 0 and Dj; is negative and non-zero), there exists a unique intersection point Aj; € (0, 1)
that satisfies the FOC.

2. Comparative statics with respect to gravity frictions (g): We use implicit differentiation
on the FOC (Equation (23)) with respect to a generic gravity parameter g. The FOC is defined

implicitly by H(Aj;, g) = 0, where:

H<A:jvg) = ¢(_D£j(A;’kj>g)) - C/(A;’kj)

OA;
dg

We want to find the sign of . Using the implicit function theorem:

dg  OH/OA

Denominator (0H/0Aj;): The effect of A;; on the FOC:

oH 0
oA, A

[—vDj;(Ay) — C'(AF)] = —vDj(A};) — C(A3)

Since D;; is strictly convex in A;; (Dj; > 0) and C is strictly convex (C”(Aj;) > 0), the entire

denominator is strictly negative:

oH

<0
8Aij

Numerator (0H/0g): The direct effect of the gravity variable g on the FOC:

OH 0 % (A *
3 = 79 (=D (A}, 9) — C'(A};)]

The cost function C' is assumed independent of g, so C” drops out.

82Dij
8/\2]89

OH

=Y

36



. ON*.
2] .
Sign of 7

82Dij 62Dij
aA:] — _¢8Aij8g — w@Aijag
dg —1/)D§/j (Afﬂ - C”(Afj) ¢D;/3(Afg) + O”<A;kj)

Since the denominator is strictly positive, the sign depends entirely on the cross-partial

270). .

. 02Dy
derivative DR 09°

e Case 1: Distance (¢ = d;;): Distance raises dissimilarity (0D;;/0d;; > 0). The model
assumes % > 0, meaning that increasing distance either amplifies the reduction in
dissimilarity due to pegging or leaves it unchanged. Given this assumption, the numerator

is non-negative.
k) >0
od;; —
Conclusion: Stronger gravity frictions (higher distance) increase the optimal peg strength

*
A.,Lj-

e Case 2: Common language (g = L;;): Common language reduces dissimilarity (0D;;/0L;; <
0). The inequality of the cross-partial derivative reverses, % < 0. The numerator is
ij ij

non-positive.
ON;
— <0
8Lij -

Conclusion: Gravity variables that reduce dissimilarity (like common language) decrease

the optimal peg strength AJ;.

This establishes the comparative statics for the optimal peg choice. m

Proposition 3.2 provides a direct link between the gravity determinants of portfolio similar-
ity and the optimal design of currency arrangements: when gravity frictions make portfolios
highly dissimilar under floating regimes, the marginal benefit of tighter pegs is larger and the
welfare-maximising peg is stronger.

Figure 3 provides a graphical solution to the government’s cooperative welfare problem de-

scribed in Equation (21). The first-order condition, ¢(—D§j(/\ij)) = C'(A;;), determines the
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optimal bilateral exchange-rate peg strength, Aj;. The figure plots the marginal cost (MC) of
tighter monetary integration against the marginal benefit (MB) from improved international risk
sharing, and shows how gravity variables—here proxied by log bilateral distance d;;—shift the
optimal policy outcome.

The solid black line plots C’(A;;), the marginal loss of monetary policy autonomy and the
marginal adjustment cost associated with a stronger peg. The curve is upward—sloping, reflecting
the fact that the opportunity cost of monetary independence rises as the peg approaches a hard-
fix regime (A;; — 1).

7 —— Marginal Cost C'(A)

— = MB (Low Distance, dj = 1.0)
—— MB (High Distance, dj;=10.0)

6 @ A (Low Frictions)
@ /; (High Frictions)

Marginal Benefit w(—D’) (Risk Sharing Gain)

Marginal Cost C' (Monetary Autonomy Loss)

Marginal Costs and Benefits

A; shifts right whengh—t
_‘Q_ 41——1'-.——

0.0 0.2 0.4 0.6 0.8 1.0
Peg Strength Aj; (Monetary Integration)

Figure 3: Optimal bilateral peg choice and gravity frictions

The dashed curves plot the marginal welfare gain w(—D;j) arising from further reductions in
portfolio dissimilarity. Because D;; is convex in Ay, its derivative Dj;(A;;) becomes less negative
as the peg tightens, implying that risk—sharing gains diminish at higher levels of monetary
integration. Accordingly, the MB curves slope downward in A;;.

The figure shows two MB curves corresponding to (i) a low—friction environment (blue dashed
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line, d;; = 1) and (ii) a highfriction environment (red dashed line, d;; = 10). Distance amplifies
information frictions and increases the baseline level of portfolio dissimilarity. In terms of the
derivative Dj;(Aqj,di;), gravity frictions shift the MB curve upward: a larger d;; increases the
marginal welfare value of reducing portfolio dissimilarity via a stronger peg. As a result, the
high—distance MB curve lies strictly above the low—distance one for all A;;.

The equilibrium peg Aj; is located at the intersection point between the MB and MC curves.
Under low frictions (d;; = 1), the MB curve intersects MC at a relatively weak peg (blue circle).
Under high frictions (d;; = 10), the upward shift of the MB curve yields a strictly stronger
optimal peg (red circle). This rightward movement of the optimal peg, A}, is a direct reflection
of the cross—partial

0?D;;
m > 0,
which implies that distance increases the marginal risk—sharing value of tighter exchange-rate
integration.

Figure 3 illustrates the central implication of Proposition 3.2: governments facing larger
gravity frictions—such as greater geographic distance or weaker informational linkages—find it
optimal to adopt a stronger bilateral peg. In such environments, the welfare gains from improved

risk sharing outweigh the rising marginal cost of reduced monetary independence, generating a

gravity-dependent theory of optimal currency arrangements.

3.4 DOMESTIC RISKY ASSETS, HOME BIAS AND GRAVITY Finally, we extend the asset menu
to include a domestic risky asset in each investor country. Let Rp; denote the excess return on
the foreign asset (as above) and Ry, the excess return on the domestic risky asset in country h,
both measured relative to the local risk—free rate. Investor h chooses shares ap; and agy ) such
that the remainder 1 — apj, — gy, is invested in the risk—free bond.

We assume that the conditional means and variances are:

prn = Eo[Rrp),  pmn = Eo[Rup), 0rp = Varo(Rep), opy = Varo(Ra),
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and that domestic and foreign returns may be correlated with covariance o . For simplicity
we take U%{Jl and opp as exogenous and focus on the information asymmetry between foreign
and domestic assets: investors learn about g, from noisy signals as in Section 2.5, whereas
oy is known with higher precision (for instance because domestic informational frictions are
smaller).

Under the quadratic approximation, investor A maximises:

]_ _
(1—7) (@F,hNF,h + OéH,hMH,h) - %VQTO (OéF,hRF,h + OéH,hRH,h)-

The variance term is:
2 2 2 2
Varg() = App0pn + Qg Oy + 200 WU H WO FH b

Lemma 5 (Optimal domestic and foreign shares). The optimal shares (., ay,) solve the

linear system.:

2 *
o OFH,h «Q 1 [ HFn
Fh Fh| _ 1 (24)
oFHh Ofn ) \Qin T \pn
In particular, if |oppp| < opnomn, the solution is unique and given by:
* 1 2
Opp = (MF,hUH,h - #HJLUFH,h)v (25)
YA
. 1
O =~ (HHATEL — HERTFIR), (26)
YA

where Ay, i= 0%,0%, — 0wy, > 0 is the determinant of the covariance matriz.
Proof. The investor maximizes the objective function f(app, am ) derived from the second-order

mean-variance approximation:

Varo(apnRep + agpRup)

1—
flapn, anp) = (1= v)(apnprn + agppinn) — " 2 ;

The variance term Varg(appRpp + agpRip) is expanded using the standard formula for the
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variance of a sum of two random variables:
2 9 2 9
Varo(...) = app0p, + g p0g s, + 20phQH hOFH R

The objective function is therefore:

(1 —7)
2

2

flapn, apn) = (1 —v)(ppprn + Cmnitan) — (Olp,hd?m,h + O@{,haﬂh + 20 O WO FH )

1. First-order conditions (FOCs): To find the optimal shares (o, aj; ), we take the partial
derivatives with respect to each share and set them to zero. We assume v # 1.

FOC with respect to apy:

of

aOéF’h

(1 —7)
2

= (1 — ’Y)/J/F,h — (2OCF7hO-%7’h + 204H,h0'FH,h) =0

Dividing by (1 — ) and simplifying:

2
prn = Y(OFROp, + QRO FH L)

1 * *
:Y'UF’h = U%,hO‘F,h +orunyy, (FOCE)

FOC with respect to apy:

of

8aH7h

(1 =)
2

= (1 — 'y),uHﬁ — (2&H7h0‘}2117h + 2aF7hUFH7h) =0

Dividing by (1 — ) and simplifying:
tin = V(g n0t, + AFEROFHR)

1 " "
;ﬂH,h = OFHLOp) + U?J,haH,h (FOCH)

2. Matriz representation: We express (FOCF) and (FOCY) as a system of linear equations
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ot OFHn )\ [ O 1
OFH,h O-%{,h a*H,h "

This confirms Equation (24). The matrix on the left is the covariance matrix Xj.
3. Inversion and uniqueness: The solution is unique if the covariance matrix is positive

definite, which for a 2 x 2 matrix requires: i) 0%, > 0 and 0%, > 0; ii) The determinant A

must be positive:

This is equivalent to the requirement |opy 4| < 0F Lo H L, Mmeaning the correlation is less than one
in magnitude, ensuring the assets are not perfectly correlated.

Assuming Aj, > 0, we invert the covariance matrix 3j,:

2
1 OHh —OFH,h

—OFH,h o %,h
Multiplying by the mean vector % [

* 2
OFh 1 Ogn  —OFHR HEh

* 2
A h —OFH,h OFh HH R

Performing the matrix multiplication yields the explicit solutions:

* 1 .
U py, = E(/’LthO—IQ;I,h — pnoray)  (Confirms Equation (25))

1 )
Qg = E(MH’hU%’h — prporgy)  (Confirms Equation (26))

We now define home bias as the excess weight on the domestic asset relative to the foreign

one, HBy 1= o), — Oy,

)

Proposition 3.3 (Home bias and gravity). Suppose ppn = pun = p > 0 and 03, = 03,
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but the investor has noisier information about foreign than home returns so that the perceived
variance of ppy, exceeds that of pp . Then HBy > 0 (home bias). Moreover, if gravity variables
(distance, lack of common language) increase the signal noise for foreign returns but not for
home returns, then 8@}7h/8dij < 0 and OH By, /0d;; > 0: greater distance both strengthens home

bias and reduces cross—country similarity in the foreign share.

Proof. 1. Deriving optimal shares under information asymmetry: In a Bayesian mean-variance
framework, noisier information about the foreign asset return mean pp; (due to larger prior
variance Var(pury)) effectively increases its total perceived risk compared to the domestic asset.
This allows us to replace the true variance 0%,, with an effectively higher perceived variance 6%,
in Lemma 5, such that 63,, > 0%,

Setting pupp = pap = p and opgp = 0, the determinant is A, = &%’ha?{ﬁ. The optimal

shares from Equations (25) and (26) (Lemma 5) simplify to:

RV ’7(&%7,110125[,}1) 7512?,11

* 1 ~9 /,L&]Q:h H
Qg = —— (2, — - 0) = — Bk

fLh YA h 7(0%,h0?{,h) ’7‘7125{,}1

2. FEstablishing home bias (HB);, > 0): Home bias is defined as the excess weight on the

domestic asset: HBj, := aj ), — af .

0 f

2

HB), = -
Youn VOFh

Since we assume noisier foreign information implies 6%, > 0%, it follows that 021 > U%
) ’ H,h F,h

Therefore, aj; ), > af,, and thus HBj, > 0. The investor overweights the asset for which they
have higher informational precision (the domestic asset).

3. Comparative statics with respect to distance (d;;): Gravity variables, such as distance
dyj, increase the signal noise variance for foreign returns o7, (Equation (8)), which raises the

. . . ~ . 95%
perceived variance of foreign returns 67 ,. Thus, we have the assumption 7% > 0.
’ 1]
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We differentiate the optimal foreign share a7, with respect to d;;:

aa?,h o 9, M
8dij N 8d” 75’%77}1

Using the chain rule, %% = —%2—5:

od;; B Y (5??7/1)2 Od;j

. - 052
Since > 0, v > 0, a%’h > (0, and we assume 85;’1 > 0:

*
804F7h

<0
8dij

Conclusion 1: Greater distance strictly reduces the optimal foreign asset share a,.
4. Effect on home bias: Since aj , is independent of d;; in this simplified model, the effect

. . L . el _
of distance on home bias H B}, = aj;;, — ., is given by:

aHBh_aajq,h aa?,h 0 804?,h

odi; — ddy  Ody od;;

. oo .
Since — di ;_h < 0, it follows that:

OH By,
8dij

>0

Conclusion 2: Greater distance strengthens home bias (H By, increases).

An analogous argument holds for common language L;;: L;; T = ai}h = 612;7,1 . This
increases ay;, and decreases HDBy. ®

Proposition 3.3 shows that the same gravity variables that drive cross—country similarity
in foreign portfolios in the baseline model also shape home bias and the relative composition of
domestic versus foreign assets. This provides an integrated theoretical framework for interpreting

the empirical role of distance and other bilateral frictions in both dimensions.
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4 (CONCLUSION

This paper develops a unified theoretical framework to explain why investors located in different
countries choose systematically different foreign portfolio allocations despite having access to
the same global asset menu. By embedding gravity-type information frictions and bilateral
exchange-rate stabilization into an analytically tractable Bayesian portfolio-choice environment,
we derive a set of gravity-consistent predictions for the cross-country similarity of foreign-asset
shares. Two central mechanisms emerge. The first is a risk-reduction channel: stronger bilateral
exchange-rate pegs reduce idiosyncratic currency risk, align the stochastic environments faced
by investors, and thereby compress the distance between optimal portfolio choices. The second
is an information channel: gravity variables such as distance, common language, and historical
ties affect signal precision and correlation, generating persistent heterogeneity in posterior beliefs
and portfolio weights.

We extend the baseline environment in several important directions. The multivariate exten-
sion shows that the entire portfolio vector—not only the allocation to a single foreign asset—
responds systematically to the covariance structure of returns and to bilateral information fric-
tions. The dynamic Bayesian learning model demonstrates that the long-run variance of portfolio
differences retains the comparative statics of the static environment, while introducing transi-
tional dynamics that can be calibrated to time-series patterns in portfolio similarity. Finally,
the welfare-based extension endogenizes the exchange-rate regime: when governments trade off
monetary-policy independence against the risk-sharing value of greater portfolio convergence, the
optimal peg strength depends directly on the magnitude of gravity frictions. Countries facing
larger informational or geographic barriers optimally select deeper bilateral monetary integration.

The model yields several policy-relevant insights. First, the interaction of gravity frictions
and exchange-rate stabilization provides a theoretical foundation for why regional monetary
arrangements—such as currency unions, hard pegs, or tightly managed bilateral bands—produce
more homogeneous cross-border investment portfolios. Stabilization policies that reduce idiosyn-

cratic currency risk can be viewed as an instrument for increasing bilateral risk sharing. Second,
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the model implies that financial integration policies may be more effective when targeted to-
ward country pairs with preexisting informational proximity: removing barriers to information
flows can substantially amplify the portfolio-convergence effects of monetary integration. Third,
by endogenizing the optimal degree of exchange-rate stabilization, the framework provides a
welfare-based rationale for deeper bilateral monetary cooperation among countries with strong
real and informational linkages. Conversely, in country pairs characterized by severe information
frictions or large geographic barriers, looser exchange-rate arrangements may be optimal despite
the resulting divergence in portfolio positions.

Overall, the theory developed in this paper offers a tractable microfoundation for under-
standing bilateral patterns in foreign portfolio composition and their interaction with monetary
regimes and structural frictions. Future work may extend the framework to incorporate heteroge-
neous investors, intermediary constraints, or global-cycle shocks, allowing the gravity-consistent
portfolio framework to inform broader debates on international risk sharing and the design of

monetary arrangements.
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